Quantum measurement is a physical process. A system and an apparatus interact for a certain time period (measurement time), and during this interaction, information about an observable is transferred from the system to the apparatus. In this study, we quantify the energy fluctuation of the quantum apparatus required for this physical process to occur autonomously. We first examine the so-called standard model of measurement, which is free from any non-trivial energy-time uncertainty relation, to find that it needs an external system that switches on the interaction between the system and the apparatus. In such a sense this model is not closed. Therefore to treat a measurement process in a fully quantum manner we need to consider a "larger" quantum apparatus which works also as a timing device switching on the interaction. In this setting we prove that a trade-off relation (energy-time uncertainty relation), τ · ∆HA ≥ π 4
I. INTRODUCTION
Quantum measurement is one of the simplest, yet most important, physical processes [1] [2] [3] [4] [5] [6] . Without measurement, we see no event and obtain no information. A quantum measurement is a process that maps the quantum state of a quantum system to the classical state (probability distribution) of an external classical system that belongs to the observer side. It is known that the interface (border) between quantum and classical systems can be shifted. In fact, an observer does not interact with the system itself. Instead, they extract information from another system, a measurement apparatus, that has direct contact with the system. Both the system and the measurement apparatus can be treated quantum mechanically.
The main purpose of this paper is to investigate the energy and interaction required for measuring an observable. More precisely, we investigate the energy of a quantum apparatus and the strength of interaction between a system and the apparatus so that the process is fully described by quantum theory. To put the question from a more pragmatic viewpoint, our interest is in the "amount of resource" required to perform a measurement (or information transfer) task [7] . Thus, to study this problem, the interface between quantum and classical systems must be located such that the apparatus is treated quantum mechanically. For instance, although we have an equivalent minimum description (called an instrument [3] [4] [5] 9] ) of the dynamics and measurement results that puts the interface between the system and the apparatus, our problem does not allow us to employ it because our interest is in the limitations of the quantum apparatus. In section II, we discuss how "large" the quantum side (or quantum apparatus) must be to describe a measurement process in a fully quantum manner. We examine a so-called standard measurement model to find that the model requires an external system switching on the measurement interaction between a system and an apparatus. In this sense, the measurement process is not closed -it is not described in a fully quantum manner in this model. This model does not obey any non-trivial energy-time uncertainty relation. This conclusion agrees with previous results [10] [11] [12] . Then, in section III, we rigorously formulate a quantum apparatus as a timing device that autonomously switches on a perturbation. An argument on the analyticity shows that the total Hamiltonian must be two-side unbounded to fulfill the conditions for the timing device. Our main results are presented in section IV. We consider a measurement apparatus that autonomously switches on the interaction at a certain time. We show that there is an energy-time uncertainty type relation between the fluctuation of the apparatus Hamiltonian and time duration of the measurement. The proof of this trade-off relation is given by combining two kinds of uncertainty relations. We first observe that a perfect measurement of a given observable implies a perfect distortion of the conjugate states. This property is called an information-disturbance relation and is related to an uncertainty relation for a joint measurement. We then employ the Mandelstam-Tamm uncertainty relation to obtain a restriction on time and energy required for the distortion. In addition, because the measurement process involves an information transfer from the system to the apparatus, the interaction between them should not be too weak. In fact, in section V we show a trade-off relation between the strength of interaction and the measurement time. The Robertson uncertainty relation plays an essential role in the proof. In section VI we illustrate an argument of the spacetime uncertainty relation as an application of our result.
II. MEASUREMENT PROCESS AS A PHYSICAL PROCESS
Let us consider a quantum system described by a Hilbert space H. A quantum state is represented as a density operator on H. We first present a description when we put an interface between the quantum and external classical systems just outside this system. By measuring an observable, we obtain an outcome. In general, the outcome is not definite and only a probability distribution on the outcome set is determined. Thus the measurement of an observable maps the quantum state of a quantum system to the classical state (probability distribution) of an external classical system which belongs to the observer side. For a map to be consistent with an interpretation based on probability, it must be an affine map. Each affine map is completely described by a positive-operator-valued measure (POVM) in the quantum system (see e.g., [4] ). A POVM (with a discrete outcome set Ω) is defined as a family of positive operators {A(x)} x∈Ω A satisfying x∈Ω A A(x) = 1. A POVM A = {A(x)} Ω A gives a probability distribution P A (x) := tr[ρA(x)] on an outcome set Ω A . A POVM A = {A(x)} x∈Ω A is called a projection-valued measure (PVM), or a sharp observable, if each A(x) is a projection operator.
Next we shift the interface between the quantum and classical systems. The measurement process is a physical interaction between a system and a measurement apparatus. We treat the apparatus as a quantum system described by a Hilbert space K. By taking K to be sufficiently large, we can expect the total system to be (approximately) closed. Thus the total dynamics is specified by a Hamiltonian H. The total Hamiltonian can be decomposed into three parts [13] :
where H S (resp. H A ) acts only on H (resp. K) and V describes an interaction Hamiltonian acting on H ⊗ K. (More precisely, the total Hamiltonian should be written as H = H S ⊗ 1 + 1 ⊗ H A + V .) The initial state of the composite system at time t = t 0 is described by Θ(t 0 ) := ρ ⊗ σ with an unknown state ρ of the system and a fixed initial state σ of the apparatus. This evolves according to the von Neumann equation up to a certain predetermined time t = t 0 + τ , where the time duration τ is called a measurement time duration. Then an observer outside these quantum systems observes a meter observable E = {E x }, which is a POVM on the apparatus. This whole process is said to describe a measurement process of an observable
Hτ (ρ ⊗ σ)e − Hτ ] holds for every ρ. The above physical measurement model is consistent with the abstract measurement theory by Ozawa's extension theorem [9] and has been shown to be useful in analyzing real measurement processes. This model, however, is not sufficient for obtaining general results on the minimum energy fluctuation required for a measurement. In order to illustrate this point, we consider the following example, a so-called standard measurement model developed essentially by von Neumann [2] . Suppose that a system is a qubit (thus H = C 2 ) and an apparatus is a one-particle system on a real line ( see FIG. 1 ). Set H S = 0, H A = 0 and V = σ z ⊗ p, where p represents the momentum operator. As the meter observable we employ { x≥0 dx|x x|, x<0 dx|x x|}. For an arbitrary time duration τ , if the initial state at time t = t 0 of the apparatus is prepared in a narrowly-localized state with respect to a position, the accuracy of the measurement of σ z can be made arbitrarily high. Therefore, there is no limitation on the time and energy required for this measurement process.
By looking carefully at this model, one may notice that the time duration is given by hand. In this model, the interaction between a system and an apparatus is switched on at t = t 0 and switched off at t = t 0 + τ . The dynamics outside this time interval is not discussed. An external observer must put these systems together at t = t 0 , which until then must have been somehow independent. Thus the mechanism initiating this switching-on process is supposed to be outside the quantum model. In this sense, this model is not closed and we need to shift the interface further to include the on-and-off switching process.
In the discussion below, we develop a general measurement process that also treats this switching-on (and off) mechanism quantum mechanically. In some situations, roughly speaking, we shift the quantum-classical interface so that the quantum side includes the experimenter who controls the apparatus. In the next section we give a mathematically rigorous formulation of the timing device that switches on a perturbation.
III. APPARATUS AS A SWITCHING DEVICE FOR AN INTERACTION
As stated above, we investigate an apparatus that works not only as an information extractor but also as a switching device for an interaction (perturbation). To do so, in this section, we study a formulation of the latter condition and derive some results. We consider an apparatus that works as a timing device to switch on an interaction at a certain time after t = t 0 . Thus, we assume that at time t = t 0 the state of the total system is a product state. The apparatus is specified by the Hilbert space K, Hamiltonian H A and a state σ(t 0 ) at time t = t 0 .
Let us first assume that the apparatus is perfectly isolated and has no interaction with the system. Then the time evolution is described by a von Neumann equation determined by an apparatus Hamiltonian H A which acts only on K. For an arbitrary time t ∈ R, the state at time t is written as σ(t) = e . Next, we consider an interaction between the system and apparatus. We denote the Hilbert space of the system by H. The individual dynamics of the system is governed by the Hamiltonian H S defined on H. Thus the total Hamiltonian has three parts, H = H S + H A + V , where V is the interaction Hamiltonian that acts on the tensor product H ⊗ K. The time evolution of a state Θ(t) (a density operator) over the composite system is described by the corresponding von Neumann equation,
Let us consider conditions for H A , V and a state of the apparatus to describe a timing device. They must satisfy the following general conditions that represent the capability to switch on the interaction at a certain time. The apparatus evolves freely up to time t = t 0 and then switches on an interaction with the system at some time after t = t 0 . Thus, the state of the apparatus should be decoupled from that of the system until time t = t 0 . The time evolution of the state is determined entirely once the state at a certain time is given. We impose the following condition on the dynamics and the state at time t = t 0 : Condition 1. (No interaction up to time t = t 0 ) An apparatus (specified by H A , V and a state σ(t 0 ) at time t = t 0 ) satisfies the no interaction condition up to time t = t 0 if for any t ≤ t 0 and for any state ρ of the system,
holds, where σ(t) := e .
We emphasize that in Condition 1, the left-hand side of (1) must be vanishing for any ρ. This condition implies that only after the apparatus reaches σ(t 0 ), does V induce the apparatus and the system to interact. In fact the following lemma shows that these conditions are equivalent. Lemma 1. Condition 1 is satisfied if and only if for any state ρ of the system and t ≤ t 0 ,
holds, where ρ(t) is defined by ρ(t) = e .
Proof. "If part": We differentiate by t,
As the left-hand side is written as [
As ρ is arbitrary, we obtain Condition 1. "Only if" part: It holds that for t ≤ t 0 ,
where we used (1) for ρ(t). Thus we conclude that ρ(t) ⊗ σ(t) satisfies the von Neumann equation whose integration is (2).
This condition ensures that if once the state at an arbitrary time t 1 < t 0 is prepared as ρ(t 1 ) ⊗ σ(t 1 ), the composite system evolves independently up to time t = t 0 .
Lemma 2. If Condition 1 is satisfied and at a certain time t 1 ≤ t 0 the state has a product form Θ(t 1 ) = ρ(t 1 ) ⊗ σ(t 1 ); then the state Θ(t) at any time t ≤ t 0 becomes the product state;
where ρ(t) = e It is easy to see that a trivial interaction V = 0 satisfies Condition 1. The following condition is imposed to avoid such a trivial interaction.
Condition 2.
(Non-triviality condition) An apparatus satisfies the non-triviality condition if there exists a state ρ and a time t > t 0 such that
Note that this condition is rather weak. It still allows the existence of ρ such that V acts trivially on ρ(t) ⊗ σ(t) for any t ∈ R. In addition, this condition does not specify exactly the switching time of the perturbation as t = t 0 . It only requires the existence of the moment (t > t 0 ) at which the perturbation does not vanish.
It is possible to further impose a condition on the switching-off process of an interaction.
Condition 3.
(Switching-off time condition) An apparatus satisfies the switching-off time condition if there exists a time t 1 > t 0 called a switching off time such that for any t ≥ t 1 and for any state ρ of the system,
holds.
One may consider a weaker definition for the switching-off time that depends on an initial state of the system. However, in this paper we do not use the switching-off condition.
It is coupled with a system described by H = C 2 with orthonormal basis {|0 , |1 } and a trivial Hamiltonian H S = 0. The interaction term is introduced as V = σ z ⊗ g(q), where σ z = |1 1| − |0 0| and g is a nonvanishing real function whose support is included in (0, ∆) for some ∆ > 0. In the position representation |φ(0) is supposed to be strictly localized in the negative real line. That is, the support of φ(t = 0, x) := x|φ(0) is included in (−δ, 0) for some δ > 0. The freely evolved state of the apparatus can be written as φ(t, x) = φ(0, x − t), which has support in (−δ + t, t). It is easy to see that this system-plus-apparatus satisfies Condition 1.
Let us consider the time evolution of the state denoted by |Ω(0) ⊗ |φ(0) . For |Ω(0) = |0 , while the state of the system remains |0 , the state of the apparatus is affected by the interaction. We denote the whole state at time t by |0 ⊗ |φ 0 (t) . It can be shown that at time t, the state of the apparatus |φ
in the position representation. On the other hand, for |Ω(0) = |1 , while the state of the system remains |1 , the state |φ 1 (t) of the apparatus at time t becomes φ
in the position representation. Thus, for a general initial state |Ω(0) = c 0 |0 + c 1 |1 , the state of the total system evolves as
which coincides with an unperturbed (freely evolved) state up to time t = 0. Thus it satisfies Condition 1. The state of the system evolves as
which does not agree, in general, with the freely evolved state
for t > 0. Thus Condition 2 is also satisfied. In addition, we put τ = ∆ + δ. Taking into account the support of φ(t, x), we obtain for t > τ ,
As their supports do not intersect with the support of g, Condition 3 is satisfied.
The total Hamiltonian in the above example has unbounded spectrum R. This unboundedness must be satisfied in general.
Theorem 1.
Let us consider a model satisfying both Condition 1 and Condition 2. The spectrum of the total Hamiltonian H = H S + H A + V is two-side unbounded (lower and upper unbounded).
Proof. Suppose that H is lower bounded. (An upper bounded case can be treated similarly.) By purifying the state σ(t 0 ) of the apparatus, we can assume the state σ(t 0 ) to be pure. We denote the purified state by σ(t 0 ) = |φ(t 0 ) φ(t 0 )|. On this enlarged system, H also works as a Hamiltonian and is lower bounded. (More precisely we need H ⊗ 1, where 1 acts only on an auxiliary Hilbert space employed for purification.) We denote by K again the enlarged Hilbert space of the apparatus. For an arbitrary state |Ω ∈ H, we have for
This implies that for t ≤ t 0 there exists a function c(t) such that
For an arbitrary |Ψ ∈ H ⊗ K we now define
can be defined for Im(z) ≤ 0 and is analytic for Im(z) < 0 [14] . The Schwarz reflection principle [15] implies that f Ψ,Ω can be extended to an analytic function on C \ {s|s > 0}. Because f Ψ,Ω (t) = 0 on t ≤ t 0 , it follows that f Ψ,Ω (t) = 0 for t ∈ R. That is, for all t ∈ R,
holds. This contradicts Condition 2.
The unbounded character of the total Hamiltonian implies that the total system is an unstable system or an infinite system. In the latter case, the Hamiltonian is the generator of time evolution referring to a state through the GNS representation [16] . We present a more "physical" example whose Hamiltonian is bounded from below. In this example, the conditions are relaxed to yield small errors. Example 2. Suppose that an apparatus is described by a one-particle Hilbert space K = L 2 (R). We consider a "real" single particle which has Hamiltonian H A =
dx 2 with a particle mass m > 0. This H A is lower-bounded. We set t 0 = 0 and some large T ≫ 0. We set |φ(−T ) in its position representation as
where k > 0 and x 0 is chosen to satisfy −x 0 = k m (T + ∆) for some fixed ∆ > 0. Then it evolves according to the free Hamiltonian
It gives rise to the probability distribution, for
which gives an expectation and variance of q as
Let us consider a composite system H ⊗ K, where H is a Hilbert space with a Hamiltonian H S . The total Hamiltonian is assumed to have a form,
where B is a self-adjoint operator and suppV (·) ⊂ (0, ∞). One can see that for sufficiently large t the interaction term gives a non-trivial effect. In the following we show that up to time t 0 = 0 the states evolve almost freely. We estimate, for s ≤ T ,
where
and
We use (4), (5) and the Chebyshev inequality to give, for t ≤ T ,
which can be made arbitrarily small as k → ∞. Thus, we have
which can be arbitrary small for k → ∞. Thus, up to time t 0 = 0, the interaction can be made negligibly small.
In this section we investigate how much energy is required to realize a measurement process satisfying Condition 1. More precisely, we study the energy fluctuation ∆H A of the apparatus Hamiltonian required for a measurement within a measurement time duration τ , and derive the energy-time uncertainty relation between them.
We treat a closed composite system consisting of a system and a measuring apparatus whose total Hilbert space is H ⊗ K. The dynamics is governed by a total Hamiltonian H = H S + H A + V , where H S (respectively H A ) is the system Hamiltonian acting on hi (resp. K) and V is the interaction. The apparatus must be large enough to include the switching-on process. That is, the model with an "initial" state σ(t 0 ) of the apparatus at time t = t 0 satisfies Condition 1. In addition, the model is assumed to describe a measurement process of a sharp observable i.e., a PVM P = {P n } n∈Ω P with a measurement time duration τ > 0. That is, there exists a POVM E = {E n } n∈Ω P acting on K such that it holds that for an arbitrary state ρ of the system,
Two observations play roles in deriving a result. The first is a so-called information-disturbance trade-off relation in the quantum measurement process. In quantum mechanics, any non-trivial measurement process causes disturbance of quantum states. This property is directly related to the uncertainty relation of joint measurement. In fact, the disturbance caused by a measurement of an observable spoils the subsequent measurements. In particular, a perfectly accurate measurement of an observable implies a complete distortion of the conjugate states. The second observation, which is derived in this section for the first time, is a kind of energy-time uncertainty relation between the energy fluctuation of an apparatus and the time duration required to disturb a state of the system. This relation is proved by applying the Mandelstam-Tamm uncertainty relation to a timing device satisfying Condition 1. Combining these two observations, we derive a trade-off inequality between the time duration of the measurement process and the energy fluctuation of the apparatus.
We begin with the latter problem: how large an energy fluctuation is required to disturb a state. We examine the behavior of states of a system interacting with a timing device. We consider the time evolution of Θ 0 (t 0 ) := ρ(t 0 )⊗σ(t 0 ), where ρ(t 0 ) is a state of the system at time t = t 0 . Its evolved state is denoted by Θ 0 (t) = e −i
, and its restricted state on the system is written as ρ(t) := tr K Θ 0 (t), where tr K represents a partial trace. This state ρ(t) should be compared to the freely evolved (imaginary) state ρ 0 (t) := e Now we consider a timing device which satisfies Condition 1. The energy fluctuation of the apparatus at t = t 0
plays a central role in the following theorems. Because up to time t = t 0 the apparatus evolves only by H A , the energy fluctuation is constant for t ≤ t 0 . This quantity characterizes the speed of the time evolution for the isolated apparatus. Because of Condition 1, the state of the apparatus evolves up to time t = t 0 as if it is isolated. Thus σ(t), a state of the apparatus for t ≤ t 0 , is written as σ(t) = e [12, [18] [19] [20] states that for any normalized vector |φ(t) = e
their overlap is bounded as
Lemma 3. For t satisfying 0 ≤ t 0 − t ≤ π 2∆Hs , the fidelity between σ(t) and σ(t 0 ) is bounded as
Proof. The fidelity is the maximum overlap between the purified states as F (σ(t), σ(t 0 )) = sup | φ(t)|φ(t 0 ) |, and the above inequality can be obtained for the fidelity by using ∆H A = ∆(H A ⊗ 1), where ∆(H A ⊗ 1) is the energy fluctuation of the purified state |φ(t 0 ) of σ(t 0 ).
The deviation of the perturbed state, measured by the fidelity, can be bounded by the following simple argument.
Theorem 2. Let us consider a process that satisfies Condition 1. F (ρ(t), ρ 0 (t)) represents the fidelity between ρ(t) and the freely evolved state ρ 0 (t). It holds that for
Proof. Let us consider two states Θ t0 (t 0 ) and
These states evolve with the Hamiltonian H = H S + H A + V . We denote the states at time t by Θ t0 (t) and Γ t (t). Although Θ t0 (t) may have a complicated form, Γ t (t) has a simple form as it evolves freely,
where we used Lemma 2. Because the fidelity between the two states is invariant under unitary evolution [17] , it holds that
The left-hand side of the above equation becomes
and the right-hand side is bounded as
where we utilized the fact that the fidelity decreases for restricted states [17] . Thus it holds that
The left-hand side of this inequality represents the speed of time evolution of the apparatus and is bounded as (6) . This concludes the proof. Now, we use an information-disturbance trade-off relation to estimate the size of the perturbation caused by a measurement. We study a process in which a sharp observable is perfectly measured. The following is our main result: Theorem 3. Let us consider a measurement process of a sharp observable P = {P n } that satisfies Condition 1. Its measurement time duration τ and energy fluctuation of an apparatus ∆H A must satisfy
Proof. We consider the dynamics from time t = t 0 to t = t 0 + τ . Suppose that 0 and 1 are possible outcomes. We consider two states |0 and |1 satisfying P 0 |0 = |0 , P 1 |0 = 0, P 1 |1 = |1 , and P 0 |1 = 0. We suppose that for a time duration τ an initial state (at time t 0 ) |0 0| ⊗ σ(t 0 ) evolves to Θ 0 , and an initial state |1 1| ⊗ σ(t 0 ) evolves to Θ (|0 ± |1 ), initial states |± ±| ⊗ σ(t 0 ) evolve to states whose restriction to the system coincide. We follow the derivation given by Janssens and Maassen [21] . The states to be compared are tr
For an arbitrary operator A on the system, it holds that
where |φ(t 0 ) is a purified vector of σ(t 0 ). By using the Cauchy-Schwarz inequality, we obtain
Thus the states |+ +|⊗σ(t 0 ) and |− −|⊗σ(t 0 ) evolve into states whose restriction to the system is an identical state ρ. One can conclude that at least one of the states |± is perturbed. To estimate the magnitude of this perturbation we consider unitary evolution governed by the Hamiltonian H S . In time τ , this "unperturbed" dynamics changes |± to a pair of orthogonal states |± ′ of the system. We estimate F (ρ, |+ ′ + ′ |) and F (ρ, |− ′ − ′ |). As |± ′ are orthogonal, we have
Thus we can conclude
We assume F (ρ,
. Combining it with Theorem 2 by putting ρ(t 0 ) = |+ +|, we obtain
This ends the proof.
The above theorem can be easily extended to obtain the following: Proposition 1. Let us consider a measurement process satisfying Condition 1 of a sharp observable P that has at least N outcomes. The measurement time duration τ and the fluctuation of the apparatus Hamiltonian ∆H A satisfy
Proof. We can assume that PVM P has the elements {P 0 , P 1 , . . . , P N −1 } that have eigenvectors {|n } n=0,1,...,N −1 satisfying P n |n = |n . Then one can show that states |k :=
N |n evolve into states whose restrictions to the system coincide. In fact, for an arbitrary operator A on the system, it holds that for m = l,
where |φ(t 0 ) is a purified state of σ(t 0 ). The argument employed above bounds the right hand side of this inequality by zero. Let us denote this identical state at time t = t 0 + τ on the system by ρ. We denote the states obtained by unperturbed (free) time evolution by {|k ′ }, which are orthonormal. Now we have
is obtained. This ends the proof.
Letting N go to ∞, we obtain the following: Corollary 1. Let us consider a measurement process satisfying Condition 1 of a sharp observable that has infinitely many outcomes. The measurement time duration τ and the fluctuation of the apparatus Hamiltonian ∆H A must satisfy
As ∆H A can be infinite for some states, it is instructive to derive a similar trade-off relation for other quantities characterizing energy indefiniteness. For 0 < α ≤ 1, the overall width ∆ α f of a distribution function f on R is defined as the width of the smallest interval I such that
This quantity has its own corresponding energy-time uncertainty relation [22] . A closed system with a Hamiltonian H is considered. Let τ β be the minimal time it takes for a state |ψ(0) to evolve to a state |ψ(t) such that
Then one can show, for β ≤ 2α − 1,
where ∆ α (H) is the overall width of a distribution function f (E) defined by ψ(0)|E(dE)|ψ(0) = f (E)dE, where E(dE) is a spectral measure of H. This inequality is employed to derive another version of the above result. The proof is given in the Appendix A. , it holds that
It is interesting to extend the results to measurements with errors. Let us consider again a sharp observable P = {P n }. For an initial state ρ n with P n ρ n P n = P n , an imperfect measurement allows errors. That is, there may exist ρ n and m such that P rob(m|ρ n ) := tr[e
−i
Hτ (ρ n ⊗ σ(t 0 ))e i Hτ (1 ⊗ E n )] = δ nm holds. We introduce P error by
which represents the worst case error probability.
Theorem 5. Let us consider a measurement process satisfying Condition 1 of a sharp observable P = {P n } with the worst case error probability P error . Its measurement time duration τ and energy fluctuation of an apparatus ∆H A satisfies
The proof is given in Appendix B. As mentioned, the uncertainty relation for joint measurement, or the information-disturbance relation, plays a crucial role in our proof. While the quantitative relation given by Janssens and Maassen was employed here, other quantitative relations [23] [24] [25] ought to be applicable. It would be interesting to compare the corresponding energy-time uncertainty relations. Example 3. Let us consider an apparatus consisting of a particle in a two-dimensional xz−plane. Its Hilbert space is written as K = L 2 (R 2 ). We denote by (q x , p x , q z , p z ) position and momentum operators of their corresponding subscripts. We set an apparatus Hamiltonian H A as
We consider a qubit (spin-1/2 degree of freedom) as a system whose self Hamiltonian H S is vanishing. Thus a total Hilbert space is written as H T = H⊗K = C 2 ⊗L 2 (R 2 ). We study a time evolution determined by the total Hamiltonian,
where g is a nonnegative smooth function whose support is in (0, δ) with δ > 0. We set an initial state (at time t = 0) of the apparatus in the position representation as
where ξ is a smooth real function satisfying suppξ ⊂ (−∆, 0) for some ∆ > 0 and η is a smooth function with η(−z) = η(z) and suppη ⊂ (−ǫ, ǫ) for some ǫ > 0. We set τ := δ + ∆ and assume that ǫ > 0 is small enough to satisfy
It is easy to see that this model satisfies Condition 1. Its energy fluctuation up to time t = 0 is
which becomes finite for sufficiently smooth ξ. After a lengthy calculation one can see that if an initial state of the system is |1 (respectively | − 1 ), the probability for q z > 0 (resp. q z < 0) at time t = τ is 1. Thus this model works as a measurement model of σ z . If we rescale ξ as, for C > 0,
∆ is scaled as ∆/C and thus τ scales as τ /C. On the other hand, the energy fluctuation ∆H A is scaled as C∆H A . Thus this model illustrates the expected energy-time trade-off.
We close this section with a remark on the definition of apparatus. The above example can be regarded as a toy model of the Stern-Gerlach experiment if the qubit is interpreted as the spin degree of freedom of a moving particle. Thus, the apparatus in this model is the position degree of freedom of a particle.
V. ENERGY-TIME UNCERTAINTY RELATION II: INTERACTION STRENGTH
In the previous section, we derived a trade-off inequality between the fluctuation of H A and the measurement time duration τ . In this section, we examine the magnitude of interaction V that is required for measurements. In this section Condition 1 is not assumed. The measurement process is described by a total Hamiltonian H = H S + H A + V and the dynamics up to time t = t 0 is irrelevant. A state of the apparatus σ(t 0 ) is prepared at time t = t 0 and a meter observable E is measured at t = t 0 + τ . The reason why we do not need conditions for switching-on device to obtain the bound on the interaction is that the interaction Hamiltonian is mainly relevant to the border between the system and the apparatus while the switching-on condition is relevant to the border between the apparatus and the classical system. Theorem 6. For a model to describe a measurement process of a PVM, the interaction V must satisfy
Proof. Again we consider a process exactly measuring a PVM P. Two states |0 and |1 satisfying P 0 |0 = |0 , P 1 |1 = |1 and P 1 |0 = 0, P 0 |1 = 0 exist. For a process to distinguish these states exactly, its conjugate states are completely destroyed. That is, if we define |± = 1 √ 2 (|0 + |1 ), initial states |± ±| ⊗ σ(t 0 ) are mapped to states that are an identical on the system side. We denote by ρ such a final state on the system. We also denote by |± ′ the states obtained by free evolution without interaction in time τ . We have already shown that
. The state ρ is written as
where |φ(t 0 ) is a purified state of σ(t 0 ) and tr A denotes a partial trace to obtain a restricted state on the system. We introduce a time-evolving vector |Φ(t) := e −i H(t−t 0 ) |+ ⊗ |φ(t 0 ) . On the other hand, |+ ′ satisfies
H 0 (t−t 0 ) |+ ⊗ |φ(t 0 ) . Since the fidelity does not decrease by the partial trace, the vectors |Φ(t) and |Φ 0 (t) satisfy
Defining p(t) := Φ 0 (t)|Φ(t) Φ(t)|Φ 0 (t) , we obtain
The right-hand side of this equation can be further bounded by the Robertson uncertainty relation as
whose solution shows that
By combining (8) and (9), we conclude the proof.
As in the case of energy fluctuation, the right-hand side of the trade-off relation gets larger depending on the number of outcomes. In particular, for observables which have infinitely many outcomes we have the following theorem: Theorem 7. Let us consider a measurement model that measures a sharp observable with infinitely many outcomes. Its interaction V must satisfy
Proof. For an arbitrary N > 0 we can assume that the PVM to be measured has the elements P 1 , P 2 , . . . , P N with eigenvectors {|n } n=1,2,...,N satisfying P n |n = |n . (If P has a continuous outcome set, we construct the above elements by discretizing the set.) We can show that the states |k :=
N |n are mapped to an identical state, say ρ, on the system. We denote the states obtained by unperturbed (free) time evolution by {|k ′ }, which are orthonormalized. Now we have,
is obtained. An argument in the previous proof is applied to show
As N was arbitrary, it ends the proof.
In [26] , a similar bound on the interaction strength was derived that is related to the Hamiltonian H S . The relationship of the present work with it will be discussed elsewhere.
VI. SPACETIME UNCERTAINTY RELATION
As an application of our results on the energy variance required for a measurement, we study the so-called spacetime uncertainty relation. It is believed that spacetime is not a simple continuum at the microscopic scale. A quantum effect is thought to impose some limitation on the microscopic spacetime structure [27] . This limitation has been proposed in various ways including string theory [28] . In [29] , Doplicher, Fredenhagen and Roberts gave an ingenious, yet heuristic argument by combining the quantum measurement of local observables with general relativity, as explained below. We may suppose that a spacetime region, say D, has its operational meaning if one is able to measure a local observable located at D. They argue that one needs to concentrate energy to measure an observable in D. If we assume that this energy can be identified with mass, for a sufficiently small D the mass can become too large to avoid black hole formation. As a black hole prevents the extraction of information from the region, the region D looses its operational meaning. (The authors further propose that the spacetime be described by noncommutative geometry.) Their reasoning with respect to the usage of general relativity is heuristic. In addition, the first part of this reasoning still contains an ambiguity. We apply our theorem to strengthen this first part of the energy-time uncertainty relation between apparatus energy fluctuation and measurement time.
We consider a nonrelativistic discrete space Z d . Thus the spacetime is Z d × R. There is no apriori reason that the whole part of the apparatus must be located in a small region specified by D. That is, one may consider a large apparatus that extends outside the small region to avoid energy concentration. Or, even if the apparatus is localized, it may interact with an infinitely extended environment that has large energy fluctuation. For τ > 0, let us consider the states Θ 0 and Θ τ defined by Θ 0 = ρ ⊗ ω and Θ τ = ρ ⊗ (ω • β −τ ). Due to Condition 4, the latter state can be rewritten as
We consider states at time t = τ for initial states Θ 0 and Θ τ . Although Θ 0 • α τ may become complicated, Θ τ • α τ is written in a simple form as
Suppose that the dynamics α t describes a measurement process for a PVM P = {P n } ⊂ B(H) with its measurement time duration τ . Let us take the Gelfand-Naimark-Segal (GNS) representation [30] of the apparatus plus environment. That is, a state ω is represented by using a Hilbert space K, a normalized vector |Ω ∈ K and a representation π as ω(A) = Ω|π ω (A)Ω . Let us consider the normalized vectors |φ n ∈ H satisfying P n |φ n = |φ n . Each |φ n defines a state ρ n (B) = φ n |B|φ n on the system for B ∈ B(H). As the dynamics describes a measurement process of P, there
where π = id ⊗ π ω is a representation of the total observable algebra. Let us consider a pair of states {ρ + = |+ +|, ρ − = |− −|} on the system defined by |± = (|φ 0 ± |φ 1 ). For any A ∈ B(H), it holds that
Let ρ ± (τ ) denote the restricted states of (ρ ± ⊗ ω) • α τ on the system. We can conclude that the pair of states ρ + (τ ) and ρ − (τ ) satisfies ρ + (τ ) = ρ − (τ ). Therefore we can introduce ρ(τ ) by
We define a pair of states
|± . The argument in the previous section is applied to derive min{F (ρ(τ ),
. Hereafter we assume F (ρ(τ ),
. In the present case, since the environment is infinite, the energy fluctuation of the environment is usually infinite as well. Thus the direct application of our previous result gives only a trivial inequality. Considering the locality of the model, we can see that the region relevant to the dynamics of the system is finite, because the information propagates essentially at a finite speed. This finite information propagation speed V Φ < ∞ is given by the so-called Lieb-Robinson bound [30, 31] . This bound allows us to approximate the dynamics by that given by a "box Hamiltonian". For an arbitrary ǫ > 0, and v ≥ V Φ , there is a finite region D such that for any A ∈ B(H) and t ∈ R, 
which is equivalent to
To estimate how well the state ρ ′ + (τ ) approximates the real state ρ + (τ ), we use a result obtained by Rastegin [32] . Lemma 4. For states ρ 0 , ρ 1 , σ, it holds that
Applying this to (10), we obtain
The last term on the right-hand side is bounded by the use of a relation between fidelity and trace distance, 1 −
we obtain
As
holds, we conclude
which represents a starting point in the discussion of the spacetime uncertainty relation. Let us give a rough sketch on the heuristic derivation of the spacetime uncertainty relation following [29] . For the relativistic dynamics, V Φ in the above nonrelativistic model could be replaced by the speed of light c and D represents a relevant region of the local observable A, and ǫ = 0. Thus we obtain for
Assume that D is a sphere with radius R. Then the volume of Γ D (τ ) is equal to π 3 (R + cτ ) 3 . Let us identify ∆H ΓD (τ ) with a mass M c 2 in the region Γ D (τ ). The above inequality gives
For the mass to avoid the formation of a blackhole, R + cτ must exceed the Schwarzschild radius and
holds. Thus we have the limitation,
For small τ (≪ R c ), this implies
VII. DISCUSSIONS
In this paper, we studied quantum measurements as physical processes. Each measurement is described as an interaction between a system and an apparatus. We investigated the energy fluctuation of the apparatus and the strength of interaction so that the system-plus-apparatus is regarded as a closed quantum system. We first examined the so-called standard model of measurement to find that this model needs an external system that switches on its measurement interaction. In this sense, the model is not closed. For the system-plus-apparatus to be genuinely closed, the quantum side must be made large enough to be capable of switching on the interaction autonomously. In this setting, we showed a trade-off relation between the measurement time duration and the energy fluctuation of the apparatus. This relation was obtained by combining two uncertainty relations; the information-disturbance relation and Mandelstam-Tamm uncertainty relation. We applied this relation to strengthen an argument regarding the spacetime uncertainty relation. In addition, we considered the strength of interaction between the system and the apparatus, and showed that there also exists a trade-off between the strength and the measurement time duration.
For an apparatus to evolve completely freely up to a certain time and then switch on a perturbation, the Hamiltonian must be two-sided unbounded. This unbounded nature is often unwelcome as it forces the apparatus to be an infinite or unstable system. To avoid this situation, we may weaken Condition 1 by allowing some error (see Example 2) . This kind of weakening of the conditions has been often employed in studies on quantum clocks [33, 34] . A detailed study on more "physical" measurement models will be treated elsewhere.
A quantum apparatus in our problem can be understood as a device performing a specified task. This sort of device is studied in a context of programmable quantum gates [5, 17] and the optimality of control has been recently discussed [35] . It would be interesting to extend our result so as to be applicable to various tasks other than measurement. For instance the famous Einstein photon box [12, 19] could, we hope, be revisited.
While our treatment of spacetime uncertainty relations agrees with physical intuition, there remain things to be improved. The discrete space is the most crucial drawback in our model. We should treat the spacetime as a continuum, or as a flat Minkowski spacetime as the first natural setting. In order to achieve this, the time translation group R should be generalized to the Poincaré group P ↑ + . Then the localization of event will be made much clearer and a covariant spacetime uncertainty relation is expected to be obtained. Such an extension and refinement of our analysis to P ↑ + (or general Lie group G) is an important problem which we hope will be studied elsewhere. As a final remark, we want to point out that an external classical clock is assumed in our study. If we shift the interface so that the quantum side contains a clock, the time is not anymore an extrinsic parameter but instead will become a relative quantity depending on the quantum clock [36] [37] [38] . A related concept, the notion of reference frame, has been recently studied extensively [39] [40] [41] .
Acknowledgements I am grateful to anonymous referees for valuable comments, and to Leon Loveridge for many helpful remarks. This work was supported by KAKENHI Grant Number 15K04998. Proof. For simplicity, we assume that t 0 = 0 and that σ(0)(= |φ(0) φ(0))| is pure. Let us consider two states Θ 0 (0) and Θ t (0) (0 ≤ t ≤ These states evolve with the Hamiltonian H = H S + H A + V . Let us denote the states at time t by Θ 0 (t) and Γ t (t). While Θ 0 (t) may have a complicated form, Γ t (t) has a simple form, Γ t (t) = ρ 0 (t) ⊗ |φ(0) φ(0)|, where we used Lemma 2. Because the fidelity between two states is invariant under unitary evolution [17] , it follows that F (Θ 0 (0), Γ t (0)) = F (Θ 0 (t), Γ t (t)).
The left-hand side of the above equation becomes F (Θ 0 (0), Γ t (0)) = | φ(0)|φ(−t) | and the right-hand side is bounded as F (Θ 0 (t), Γ t (t)) ≤ F (ρ(t), ρ 0 (t)),
where we utilized the fact that the fidelity decreases for restricted states [17] . Thus it holds that | φ(0)|φ(−t) | ≤ F (ρ(t), ρ 0 (t)).
The left-hand side of this inequality represents the speed of time evolution of the apparatus and is bounded. Let us fix a value 0 ≤ F 0 ≤ 1 and denote by τ F the minimum time t attaining F (ρ(t), ρ 0 (t)) ≤ F 0 . Then we obtain, τ F0 · ∆ α (H) ≥ 2 arccos F 0 + 1 − α α .
For this process to describe a measurement process, there must be an initial state attaining F (ρ(t), ρ Proof. We mimic the proof of Theorem 3. We consider the dynamics from time t = t 0 to t = t 0 + τ . Suppose that 0 and 1 are possible outcomes. We consider two states |0 and |1 satisfying P 0 |0 = |0 , P 1 |0 = 0, P 1 |1 = |1 , and P 0 |1 = 0 and define |± := Thus we obtain D(ρ + , ρ − ) := sup A: A =1 |tr[(ρ + − ρ − )A]| ≤ 6 √ P error . To estimate the magnitude of this perturbation we consider unitary evolution governed by the Hamiltonian H S . In time τ , this "unperturbed" dynamics changes |± to a pair of orthogonal states |± ′ of the system. We then estimate F (ρ + , |+ ′ + ′ |) and F (ρ − , |− ′ − ′ |). As |± ′ are orthogonal, we have
Thus we can conclude min{F (ρ,
. Combining it with Theorem 2 by putting ρ(t 0 ) = |+ +|, we obtain cos τ ∆H A ≤ 1 + 6 √ P error 2 .
